Abstract: We give a new example of a compact manifold with holonomy Spin(7) from a Beauville's Calabi-Yau fourfold. Its construction is very concrete, starting with products of elliptic curves with complex multiplications -so probably more accessible to physicists.
Introduction
A Spin(7)-manifold is an eight-dimensional Riemannian manifold with the exceptional holonomy group Spin (7) . The spin group Spin (7) is one of special holonomy groups in Berger's classification [1] . Riemannian manifolds with special holonomy play an important role in string theory. Indeed consideration of string theory compactification on Spin(7) manifolds was proposed by Witten [2, 3] and Vafa [4] two decades ago. Various aspects of string theory on Spin(7)-manifolds have been investigated [5] [6] [7] [8] [9] [10] . Recently more concrete F-theory approach has been made in [11] and [12] , where the authors used examples of compact Spin(7)-manifolds that are constructed as quotients of Calabi-Yau fourfolds by Joyce's method [13] .
The construction of Spin(7)-manifolds had been an unsolved problem for a long time. Joyce constructed first compact examples [14] . Later he gave another method and constructed further examples, starting from some complete intersections in weighted projective spaces [13] . Following his lead, Clancy, one of his students, systematically investigated hypersurfaces in weighted projective spaces and constructed more examples [15] . The Betti numbers of compact manifolds with holonomy Spin(7), constructed by them [13] [14] [15] , are
In Joyce's method, one starts with certain orbifolds, whose resolutions singularities are Calabi-Yau fourfolds. Since Calabi-Yau fourfolds are projective varieties, it is basically a task in algebraic geometry to find Calabi-Yau fourfolds suitable for Joyce's method. One can easily find a huge number of examples of Calabi-Yau fourfolds as complete intersection of toric varieties. The main issues are whether they have suitable singularities and whether they admit antiholomorphic involutions satisfying certain conditions. Joyce and Clancy considered complete intersections in weighted projective spaces whose antiholomorphic involutions come from those of the ambient weighted projective spaces.
In this note, we apply Joyces's method to a Calabi-Yau fourfold that is not a complete intersection in a weighted projective space nor more generally a complete intersection in a toric variety. This Calabi-Yau fourfold was originally constructed by Beaubille [16] and is the only one that can be constructed by quotienting an abelian fourfold in a way that Kummer K3 surfaces are constructed. It also has rich structure of elliptic fibrations. As a result, we give a new example of compact Spin(7)-manifolds. We calculate the Betti numbers of the example, which are:
It is notable that the Betti number b 4 of the example is significantly smaller than those of other examples already constructed. The construction is very concrete, starting with products of elliptic curves with complex multiplications -so probably more accessible to physicists.
Joyce construction from Calabi-Yau 4-orbifolds
Joyce started with orbifolds with certain conditions [13] . However it is not hard to show that those orbifolds are projective. So let us just start with projective varieties. Let Y be a 4-dimensional projective varieties satisfying the following conditions. Condition 2.1.
1. Each of the singularities of Y is locally isomorphic to the origin of the quotient C 4 / √ −1 * , where √ −1 * acts as the complex multiplication by
2. There is an antiholomorphic involution ρ on Y whose fixed points are
4. LetŶ → Y be the blow-up at the singularities of Y . ThenŶ is a CalabiYau fourfold, i.e. a smooth projective fourfold with trivial canonical class and
The final condition may look different from joyce's original one. However noting the singularities in the condition are crepant, they are actually not different.
Let us consider the quotient Z = Y / ρ . Joyce found a way of resolving singularities of Z so that the resulted 8-manifolds admits a Riemannian metric whose holonomy group is Spin(7) [13] .
Theorem 2.2 (D. Joyce).
There is a simply-connected compact 8-manifold M ( defined in [13] , Definition 5.8) which is a resolution of singularties Z = Y / ρ and admits a Riemannian metric whose holonomy group is Spin(7).
The Betti numbers of M can be calculated from topological invariants of Y and Z as follows (Proposition 10, [15] ): 
Let E 3 → E 3 be the blow-up at {0, α} 4 and F ijkl be the exceptional divisors over (e i , e j , e k , e l ) for i, j = 0, 1, where e 0 = 0 and e 1 = α. Then there is a quadruple covering map X → E 4 , branched along F ijkl 's and we have the following commutative diagram:
The topological Euler numbers are
So we have e(X) = 60. • β i = ker π i (= b i ) for i = 1, 2, 3, 4.
• γ ij = ker(π i + π j ) for 1 ≤ i < j ≤ 4. Let
These b i 's can be regarded as elements of H 1,1 (E 4 ). Now consider 16 elements (denoted by c j 's) of H 3,3 (E 3 ):
• γ ij · β k · β l for 1 ≤ i < j ≤ 4, 1 ≤ k < l ≤ 4 and {i, j} = {k, l}. Let
• δ ij · β k · β l for 1 ≤ i < j ≤ 4, 1 ≤ k < l ≤ 4 and {i, j} = {k, l}. Let
where '·' is the cup product. Let N be the 16 × 16 intersection matrix of b i 's and c j 's (i.e. N ij = b i · c j ). Then N is as follows: 1 1 1 1 0 2 1 1 1 1 0 0 1 0 1 1 0 1 1 0 1 1 2 1 1 0 1 1 0 0 1 1 1 0 0 1 1 1 1 2 0 1 1 0 1 1 0 1 1 0 0 1 1 1 1 0 2 1 1 1 0 1 0 1 0 1 1 0 1 1 0 1 1 2 1 1 1 0 0 0 1 1 1 1 0 0 1 1 1 1 2 0 0 1 1 2 1 1 1 1 0 0 1 1 1 1 0 0 1 0 1 1 2 1 1 0 1 1 0 1 1 0 1 1 0 0 1 1 1 2 0 1 1 1 1 0 0 1 1 0 1 1 0 1 1 0 2 1 1 1 1 0 0 1 
The rank of the matrix N is 16, which means that b i 's and c j 's are linearly independent respectively. Since 4. An example of compact manifold with holonomy Spin (7) Now let us find a suitable antiholomorphic involution on Y . Let c : E 4 → E 4 be the standard complex conjugation, i.e. c : 
By direct calculation, one can show that fixed points of φ A are exactly the singularities of Y . So we can apply Joyce's method to Y with the antiholomorphic involution φ A to get a compact Spin (7)-manifold A. In order to determine the Betti numbers of M, we need to calculate the Betti number b 2 (Z).
By calculating the cup product numbers c i · ψ A (b j )'s, one can find the 16 × 16 matrix that represents how ψ A works on H 1,1 (E 4 ) with respect to the basis {b ′ i s} and it is: 
In summary, The Betti numbers of compact manifolds with holonomy Spin (7), constructed so far [13] [14] [15] 
